In this paper, we focus on a hypercube-like structure, the folded hypercube, which is basically a standard hypercube with some extra links between its nodes. Let f be a faulty vertex in an n-dimensional folded hypercube FQ n . We show that FQ n − {f } contains a faultfree cycle of every even length from 4 to 2 n − 2 if n ≥ 3 and, furthermore, every odd length from n + 1 to 2 n − 1 if n ≥ 2 and n is even.
Introduction
The design of interconnection networks is an important integral part of the parallel processing or distributed systems. There are a large number of topological choices for interconnection networks. The interested readers may refer to [4, 8, 20] for extensive references. Among them, the hypercube [5] has several excellent properties such as recursive structure, regularity, symmetry, small diameter, relatively short mean internode distance, low degree, and low link complexity, which are very important for designing massively parallel or distributed systems [12] . Since its introduction, many variants of the hypercube have been proposed [1, 6, 15] and become the focus of research. One of these variants is the folded hypercube. It is an extension of the hypercube and constructed by adding one additional link to every pair of the farthest nodes, i.e., two nodes with complementary addresses. The folded hypercube improves the system's performance over a regular hypercube in many measurements [1, 18] .
The embedding of one guest graph G into another host graph H is a one-to-one mapping m from the vertex set of G into the vertex set of H [12] . An edge of G is mapping to a path of H under m. An embedding strategy provides us a scheme to emulate a guest graph on a host graph. Therefore, the algorithms developed in a guest graph can be executed well on a host graph.
Linear arrays and rings, which are two of the most fundamental networks for parallel and distributed computation, are suitable for designing simple algorithms with low communication costs. Numerous efficient algorithms designed on linear arrays and rings for solving various algebraic problems and graph problems can be found in [2, 12] . Linear arrays and rings can be used as control/data flow structures for distributed computation problems. Linear arrays can also be applied to practical on-line optimization in the complex Flexible Manufacturing Systems [3] . These applications motivate the study of embedding paths and cycles on arbitrary networks.
Since faults may happen when a network is put into use, it is practically meaningful and important to consider faulty networks. Previous researches on the fault-tolerant embedding problems for the n-dimensional hypercube Q n can be found in [7, 10, 11, 16] . Let F v and F e be the sets of faulty vertices and faulty edges of Q n . Sengupta [16] showed that Q n − F e − F v 1 contains a cycle of length at least 2
and |F e | + |F v | ≤ n − 1. Fu [7] showed that Q n − F v contains a cycle of length 2 [11] showed that every edge of Q n − F v − F e lies on a cycle of every even length from 4 to 2
where n ≥ 3. In this paper, we embed the 1-vertex-fault-tolerant cycles into an n-dimensional folded hypercube FQ n . Let f be a faulty vertex in FQ n , we show that FQ n − {f } contains a fault-free cycle of every even length from 4 to 2 n − 2 if n ≥ 3. Besides, FQ n − {f } contains a fault-free cycle of every odd length from n + 1 to 2 n − 1 if n ≥ 2 and n is even.
Throughout this paper, the following terms are used interchangeably: network and graph, node and vertex, edge and link. The remaining part of this paper is organized as follows. In Section 2, necessary definitions and notations are introduced. In Section 3, we show our main result. Finally, this paper concludes with some remarks in Section 4.
Preliminaries
A graph G = (V , E) is an ordered pair in which V is a finite set and E is a subset of {(u, v)|(u, v) is an unordered pair of V }. We say that V is the vertex set and E is the edge set. We use V (G) and E(G) to denote the vertex set and the edge set of G, respectively. Two vertices u and [9] if there is a simple path of length |V 0 | + |V 1 | − 2 between any two nodes of the same partite set. A Hamiltonian-laceable graph of x is the number of i's such that x i = 1. Note that Q n is a bipartite graph with two partite sets V 0 = {x| hw(x) is odd} and V 1 = {x| hw(x) is even}. Let d Q n (x, y) be the distance of the shortest path between two vertices x and y in Q n . Then,
An n-dimensional folded hypercube FQ n is a regular n-dimensional hypercube augmented by adding more links among its nodes. More specifically, FQ n is obtained by adding a link between two nodes whose addresses are complementary to each other, i.e., x = b n b n−1 . . . b 1 andx =b nbn−1 . . .b 1 . Therefore, FQ n has 2 n−1 more links than a regular Q n . We call these augmented links skips to distinguish them from regular links. We use E s to denote the set of skips and E r to denote the set of regular links, i.e., }, where 1 ≤ j ≤ n, j = i, and n ≥ 3.
Lemma 2 ([11]). Q n − F e − F v contains a fault-free cycle of every even length from 4 to
2 n − 2|F v | if |F e | + |F v | ≤ n − 2, where n ≥ 3.
Lemma 3 ([17]). Let V 0 and V 1 be the partite sets of a fault-free Q n , where n ≥ 2. Let a and b be two distinct nodes of V 0 , and a and b be two distinct nodes of V 1 . Then, there exist two node-disjoint paths P[a, a ] and P[b
Proof. We prove this lemma by induction on n. For n = 3, since Q 3 is vertex-symmetric, we may assume that the two faulty adjacent vertices are u = 000 and u (1) = 001 without loss of generality. We need to prove that there exists a path of every odd length from 1 to 5 between any two arbitrary vertices v and v (j) in Q 3 − {000, 001} for 2 ≤ j ≤ 3. Since Q 3 is vertex-symmetric, we may assume that these two nodes are v = 100 and v (2) = 110. By listing a path of any given length in the following table, the lemma holds for n = 3. 
Length Length of P[v, v (2)
] be a path of length 2 ] of every odd length from 1 to 2
], 
}. In Fig. 2(b) , we use different colors to distinguish the nodes of different partite sets in the hypercube. Without loss of generality, we assume that v and y (m) are in the same partite set. By Lemma 3,
] with total length 2
} contains a path P[x, y] of every odd length from 1 to 2
], v (j) forms a v-v (j) path of every odd length from 2
By the above two cases, we complete the proof. (i) 
Embedding cycles on the faulty folded hypercube
Let f be a faulty vertex in an n-dimensional folded hypercube FQ n . In this section, we show that FQ n − {f } contains a fault-free cycle of every even length from 4 to 2 n − 2 when n ≥ 3. Furthermore, FQ n − {f } contains a fault-free cycle of every odd length from n + 1 to 2 n − 1 when n ≥ 2 and n is even. 
Proof. It is easy to check that the lemma holds for n = 2. We now consider the situation when n ≥ 4 and n is even. Clearly, we can partition FQ n along dimension k, where 1 ≤ k ≤ n, into two (n−1)-dimensional hypercubes Q 
] path of every odd length from n − 1 to 2
], p (n) , p forms a cycle of every odd length l with n + 1 ≤ l ≤ 2 n−1 + 1 as shown in Fig. 3(a) . Fig. 3(b) . Note that p and p are in the same partite set since hw(p) and hw(p) are either both even or both odd. By Lemma 3, Q 
By the above two cases, we complete the proof.
By Lemmas 5 and 6, we have the following theorem. 
Concluding remarks
Fault tolerance is an important research subject in the area of multi-processor computer systems, and many studies have been focused on the vertex-fault-tolerant or edge-fault-tolerant properties (see [21] for a survey). Let f be a faulty vertex in an n-dimensional folded hypercube FQ n . In this paper, we show that FQ n − {f } contains a fault-free cycle of every even length from 4 to 2 n − 2 if n ≥ 3 and, furthermore, every odd length from n + 1 to 2 n − 1 if n(≥ 2) is even. That is, when n is even and n ≥ 4, FQ n − {f } contains a fault-free cycle of every length from n to 2 n − 1. According to our construction method in the proof, it is not difficult to design an efficient recursive algorithm to construct a cycle of every even or odd length in a folded hypercube.
